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Abstract. We study the power mean inequality of the generalized trigonomet- 
ric and hyperbolic functions with two parameters. The generalized p-trigonometric 
' and (p, ^-trigonometric functions were introduced by P. Lindqvist and S. Takeuchi, 

£H , respectively. 
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The generalized trigonometric functions were introduced by P. Lindqvist two 
decades ago [2]. These p-trigonometric functions, p > 1, coincide with the usual 
trigonometric functions for p = 2. Recently the p-trigonometric functions have 
been studied extensively, see for example [HI [9j [131 E] an d their references. P. 
Drabek and R. Manasevich (9] considered a certain (p, g)-eigenvalue problem with 
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1. Introduction 



q\ ■ the Dirichlet boundary condition and found the complete solution to the problem. 

The solution of a special case is the function sin Pi9 , which is the first example of 
so called (p, g)-trigonometric funtion. Motivated by the (p, g)-eigenvalue problem 



S. Takeuchi introduced the (p, g)-trigonometric functions, p, q > 1, in [16J. These 

■ (p, g)-trigonometric functions have recently been studied also in [TJ HI El El [TP] . 

and the functions agree with the p-trigonometric for p = q. 

The Gaussian hypergeometric function is the analytic continuation to the slit 

^ ; plane C \ [1, oo) of the series 

;_i , 

F{a, b] c; z) = 2 F 1 {a, 6; c; z) = > — -, \z\<l, 

(c,n) n\ 

for given complex numbers a, b and c with c ^ 0, — 1, —2, .... Here (a, 0) = 1 for 
a 7^ 0, and (a, n) is the shifted factorial function or the Appell symbol 

(a, n) = a(a + l)(a + 2) • • • (a + n — 1) 

for n = 1, 2, . . . . The hypergeometric function is used to define the (p, g)-trigonometric 
functions and it has numerous special functions as its special or limiting cases [1] . 
For p, q > 1 and x G [0, 1] the function arcsin Pig is defined by 



arcsm^ g x 



f (l-t q )- l / p dt = xF ( -,-;! + -;x q ] . 
Jo \P Q 1 J 



File: PM_pqfuncs20130104final.tex, printed: 2013-1-7, 2.12 

1 



BARKAT ALI BHAYO AND RIKU KLEN 



We also define arccos Pi9 x = arcsin P)9 ((l — (see [TOj Prop. 3.1]). For x G 

(0,oo) 

arsinh„ a x = / (1 + t q )~ 1/p dt = xF (-, -: 1 + -; —x q ) 
Jo \P q Q J 



x p \ 1/p „ / 1 1 x q 



F[ 1,-1 + - 



1 + x q J \ p gl + x 9 
Their inverse functions are respectively 

sin Pi g : (0, 7r Pi9 /2) -»■ (0, 1), cos Pig : (0, 7r Pi9 /2) -»■ (0, 1), 
sinh p(? : (0, oo) — >■ (0, oo), 

where 7r P)9 /2 = sin Pj q 1. 
We define tan Pi9 by 



snip q oc 



tan Pi9 x = — , x G (0, 7r P)9 /2), cos Pig x^O, 



CO Si-) g 3/ 



and denote its inverse by arctan p ? . 

For t G R and ?/ > 0, the power mean M 4 of order t is defined by 

t i i\ 1/' 



/xy , t — . 

Let /:/—)■ (0, oo) be continuous, where / is a subinterval of (0,oo). Let M 
and iV be any two mean values. We say that / is MiV-convex (concave) if 

f(M(x,y)) < (>)N(f(x)J(y)) for all x, y G / . 

In the following results we see that the (p, q) generalized trigonometric func- 
tions are M t M t - convex/ concave. The main result of this paper are the following 
theorems which refines our earlier results in [I]. 

1.1. Theorem. Forp,q > 1, t > 1, we have 

(1) arcsin Pi9 (M t (r, s)) < M t (arcsin Pig (r), arcsin p>(? (s)) , r, s G (0, 1), 

(2) arctan Pi q(M i (r, s)) > M t (arctan p (r), arctan p (s)) , r, s G (0,1), 

(3) arsinh P)? (M t (r, s)) > M t (arsinh Pi? (r), arsinh Pi9 (,s)) , r,s£ (0, oo). 
equalities hold with r = s. 

1.2. Theorem. For p, g > 1, t > 1 and r,s£ (0, 1), £/ie following relations hold 

(1) sin Pi g(Mt(r, s)) > M t (sm p>q (r) , sin Pi9 (s)) , 

(2) cos Pi9 (Mi(r,s)) < M t (cos Pj9 (r),cos Pi? (s)) , 

(3) tan Pt g(M t (r, s)) < M t (tan M (r), tan Pi? (s)) , 

(4) sinh Pi? (M t (r, s)) < M t (sinh Pig (r), arsinh P;g (s)) , 
equalities hold with r = s. 
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2. Preliminary results 

In this section we recall known results and introduce a geometric definition for 
the (p, g)-trigonometric functions and a proposition. The first known result consid- 
ers the (p, g)-trigonometric functions whereas the other results consider properties 
of real functions. 

2.1. Lemma. [TUl (2.5) and Proposition 3.1] For all p,q > 1 and x G [0, ir p q /2], 
we have 

d . 

dx 

— cos Pi(? x = -^(cos Pi9 x) 2 ~ p (sm Pjq a;) 9-1 , 

d_ p (sm p>q x) q 

dx q (cos M x) p 

The following result is known as the monotone I'Hospital rule. 

2.2. Lemma. Theorem 1.25] [17] For -oo < a < b < oo, let f, g : [a, b] -»■ R 

6e continuous on [a,b], and be differentiable on (a,b). Let g (x) ^ on (a,b). If 
f (x)/g (x) is increasing (decreasing) on (a,b), then so are 

[f{x)-f{a)\/[ g {x)-g{a)\ and [/(*) - f{b)\/[g{x) - g{b)\. 

If f (x) I g \x) is strictly monotone, then the monotonicity in the conclusion is also 
strict. 

The following two results consider the convexity of the inverse function. 

2.3. Lemma. [121 Theorem 2, p. 151] Let J C R be an open interval, and let 
f : J — > R be strictly monotonic function. Let f~ l : f{J) —> J be the inverse to 
f. If f is convex and increasing, then f~ l is concave. 

2.4. Lemma. [T5J Proposition 2] Let f : (a,b) — > (c,d) = f(a,b) C R be a convex 
function and let f~ x : (c, d) — > R be its inverse. 

(1) If f is increasing, then f~ l is increasing and concave, 

(2) If f is decreasing, then f~ x is decreasing and convex. 

We introduce next a geometric definition for the functions sin Pig x and cos Pj(? x. 
The definition is based on the formula [TO] (2.7)] 

(2.5) | sin P) g x\ q + | cos Pi q x\ p = 1. 

The usual trigonometric functions are geometrically defined by the unit circle. In 
the same manner we can define the (p, g)-trigonometric. Instead of the unit circle 
we use the curve defined by 

C = {(x,y) ER 2 :x = cos 2/p t, y = sin 2/9 t, t e [0,tt/ 2 ]}- 

Because (sin 2/q t) q + (cos 2/p t) p = 1 it is clear by ([23]) that C = D for 

D = {(x, y) G R 2 : x = sm p>q t, y = cos pq t, t G [0, 7r Pj( ,/2]}. 

The curve C is defined only in the first quadrant, but by reflections we can easily 
extend C to form a circular curve, see Figure [TJ 

Next we introduce a convexity result for the functions tan Pi9 x and arctan P qX. 
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FIGURE 1. Left: Curve C for (p,q) = (4,3) and points (0,sin 4j3 x), (cos 4j3 x, 0) 
and (cos 4)3 x, sin 4j3 x). Right: Curve C for (p, q) = (4,3) extended to all four 
quadrants (black) and the unit circle (gray). 

2.6. Lemma. (1) Forp,q > 1 and x G [0,71^/2], the function tan p g x is increas- 
ing and convex. 

(2) For (0, 1), the function arctan Pj(? x is increasing and concave. 

Proof. By Lemma [2.11 we get 

— tan x - 1 + — ( £"?( sin P.q x ) <? ~ 1 ( cos P,g + P 2 cos p,g x (^ n P ,g x) 2 ^ 1 ^ 

cfe 2 p ' 9 q 2 \ ( cos p,q x ) 2p / 

which is positive since both sin„ „ and COS p q 3X6 positive. Hence tan„ „ is convex. 
By Lemma [2TT1 we observe that the derivative of tan Pi9 is positive and thus tan Pj(? is 
increasing. It follows from Part (1) and Lemma T2.4f 1) that arctan P!q is increasing 
and concave. □ 

3. Proofs of the main results 
Before proving our first main result we introduce the following lemma. 
3.1. Lemma. For n > andp,q > 1, the following function 




is increasing since 



•5-1/1 



.q\-l-l/p 
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By Lemma [2.2[ (arcsin Pj? x) jx is increasing and now also ((arcsin p i9 x)/x) n is in- 
creasing. Since the product of increasing functions is increasing, the function / is 
increasing. 

(2) The function arctan pg x is increasing and concave by Lemma 12.6( 2). This 
implies that -jHarctan. Pig x) is decreasing, now this fact and Lemma I2~2l imply that 
(arctan Pi9 x)/x is decreasing. Hence h is decreasing. 

(3) The proof for function g follows similarly as the proof of (1), because 

-— (arsmhj,, g x) = < (J. U 

ax 2 p 

3.2. Proof of the Theorem ll.il Let < x < y < 1, and u = ((x t +y t ) /2) 1/t > x. 
Let us denote hi(x) = arcsin(x), g 2 {x) = arctan(x), h 3 {x) = arsinh(x) and define 

gi{x) = hi{u) . 

Differentiating with respect to x, we get du/dx = (1/2) (x/w)* -1 and 

g[{x) = ^thiixY-^ihiiu)) -^thiixY'^ihiix)) 



where 



hi(x)\ l 1 d 



fi(x)= -(*(*)),* = 1,2, 3. 



By Lemma [3.11 g[ is positive and g' 2 , g 3 are negative. Hence g\ is increasing and 
g 2 ,<?3 are decreasing. This implies that 

9i{x) < gi(y) = 0, g 2 (x) > g 2 (y) = 0, g 3 (x) > g 3 (y) = 0, 

and the assertion follows. 

3.3. Lemma. For n > 0, p, q > 1 and x G (0, 1), £/ie following function 
(1) 



x J dx 
is decreasing in x, and the functions 

< 2 > (^)"s<~^ 



< 3 > {-?-) T^< x) - 



(4) 



sinhp 9 x 

x 



are increasing in x. 

Proof. Let /(x) = arcsin Pj(? x, a; G (0, 1). We get 
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which is positive and increasing, hence / is convex. Clearly sin p i? x is increasing, 
and by Lemma 12.31 is concave. This implies that sin P)g x is decreasing, and 
(sm P) qx)/x is also decreasing by Lemma [2.21 

Similarly we get that 4- cos Pig x, 4- tan M x, 4- sinh p >q x are increasing, and the 
assertion follows from Lemma 12.21 □ 

3.4. Proof of the Theorem 11.21 Proof is similar to the proof of Theorem 11.11 
and follows from the Lemma 13.31 
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